Automatic tuning of A.C. compensating networks by Sinkewiz, Giles C.
Scholars' Mine 
Masters Theses Student Theses and Dissertations 
1960 
Automatic tuning of A.C. compensating networks 
Giles C. Sinkewiz 
Follow this and additional works at: https://scholarsmine.mst.edu/masters_theses 
 Part of the Electrical and Computer Engineering Commons 
Department: 
Recommended Citation 
Sinkewiz, Giles C., "Automatic tuning of A.C. compensating networks" (1960). Masters Theses. 2674. 
https://scholarsmine.mst.edu/masters_theses/2674 
This thesis is brought to you by Scholars' Mine, a service of the Missouri S&T Library and Learning Resources. This 
work is protected by U. S. Copyright Law. Unauthorized use including reproduction for redistribution requires the 
permission of the copyright holder. For more information, please contact scholarsmine@mst.edu. 






submitted to the faculty of the 
SCHOOL OF MINES AND METALLURGY OF THE UNIVERSITY OF MISSOURI 
in partial fulfillment of the work required for the
Degree of
MASTER OF SCIENCE IN ELECTRIAL ENGINEERING 
Rolla, Missouri
2ACKNOWLEDGEMENTS
The author of this thesis wishes to express his 
appreciation to Dr* Roger E. Nolte, Professor of Electrical 
Engineering, for providing advice and guidance during the 
course of this investigation*
The author also wishes to thank Mr. Robert T.
DeWoody, Assistant Professor of Electrical Engineering 
and Professor Ralph E. Lee, Professor of Mathematics, for 
the valuable advice they provided*
3TABLE OF CONTENTS
LIST OF ILLUSTRATIONS......... ,.......................... 5
LIST OF TABLES............................................  7
I. INTRODUCTION.......................................  8
II. DESIGN OF THE AUXILIARY SERVO SYSTEM............... 11
A. Introduction..................... .......... . 11
B. Notch Filter Design......... ......... ....... . 13
C. Two Phase Induction Motor...................... 21
D. Amplifier............ ........................ . 21
III. THE SYSTEM DIFFERENTIAL EQUATION...................25
A. Derivation of the Differential Equation........ 25
B. Evaluation of the Constants of the Differential
Equation..... ......... ....................•'••• 30
1. Constantsaand/3 . .............     30
2. Motor constants......... ............ ......33
a. Torque constants................   3^
b. System friction..........................35
C• The System Equation.......••••........ . 38
IV. ANALYTICAL ANALYSIS OF THE SYSTEM................... 39
A. Linear Analysis.••••••........................   39
B. Non-Linear Analysis..................... ••••••. *K)
C. Comparison of Results...••••»••••••....... .
V. EXPERIMENTAL VERIFICATION OF RESULTS...............  52
A. Small Error Signals.......    52
B. Large Error Signals.........   52
Page
C. Quantities Not Considered in the System
Equation. .............................   53
1. Variation of control voltage............... 5^
2• Threshold frequency.................. •••••• 5^
3. Variation of twin-T characteristics with a
change in carrier frequency............   5^
VI. SUMMARY AND CONCLUSIONS............................  58
A . Summary...........        58
B. Conclusions............................   58
APPENDIX A Analog Computer Program....................  60




1* Block diagram of auxiliary servo system,••••••••.•••• 12
2. Amplitude and phase angle characteristics of a
twin-T network,............     1^
3• Schematic diagram of twin-T network........... ...... o 16
RC versus the notch frequency of twin-T network........ 17
5» Ri and R2 versus notch frequency for a twin-T
network.•••••••••...... .••••••••....... 20
6. Voltage amplifier with a phase shifting network..... 23
7. Push-Pull amplifier schematic.... .............. ••••• 2k
8. Phase shift characteristics of twin-T network........ 28
9* Reduced block diagram of auxiliary system.............29
10. Angular output versus the notch frequency...........  32
11. Experimental apparatus used to determine f^.......  36
12. Brush recording of speed to find f^................... 37
13* Transient response of system to a step input
of .177 cps......... .......... .................... . k3
lk* Variation of rise time and peak overshoot
with control voltage................................. kk
15* Transient response of system to a step input
of 1 cps............      ^8
16. Transient response of system to a step input
of 3 cps.... ..••••••....... ...•••.<>•••• k9
17• Transient response of system to a step input
of 5 cps.... .......... ••••,•••.......... ........... 50
18. Variation of rise time with magnitude of step input.. 51
Figures Page
619* Characteristics of twin-T network used.......... . 57
20. Analog computer program.... ........ ....... •••••••••• 62
21. Digital computer flow diagram....... •••••••••• ••••<>. 65
22. Digital computer program................ ..••••.......  66
7LIST OP TABLES
!• Data for and R2 versus notch frequency......... 19
II. Characteristics of A.C. motor....... ....... 21
III. Data for phase angle characteristics of
twin-T network........ .................. •••••••• 27
IV. Data of output shaft position versus
notch frequency...... ..................... •••••» 31
V. Transient characteristics of system for
small error signals...... ............. ......... 42
VI. Transient characteristics of system to a
step input of 1 cps............................   45
VII. Transient characteristics of system to a
step input of 3 cps.... •••••....................46
VIII. Transient characteristics of system to a
step input of 5 cps.... ..............••••••••••. 47
IX. Comparison of experimental and analytical
results....... ................................... 53
X. Actual twin-T characteristics...................... 56
XI. Analog computer program data..................   6l
Tables Page
8I. INTRODUCTION
The purpose of this thesis is to illustrate the 
practicality of using an auxiliary servo system to shift 
parameters in damping networks of the main servo system.
Since amplification is most easily achieved with A.C. 
amplifiers and since A.C. servo motors are superior in 
operation to D.C. servo motors, because no brushes or 
commutators are needed, the A.C. servo system is widely used. 
However, one major problem is confronted when designing an
A.C. servo system. This is the problem of designing damping 
circuits and compensating circuits which are insensitive to 
carrier frequency fluctuations. Notch filters provide the 
desired transfer functions, but they are sensitive to carrier 
frequency fluctuations. A notch filter is an electrical 
network that is resonated at the carrier frequency. The 
carrier frequency for A.C. systems is usually 60 or 400 cps. 
If the carrier frequency should drift from the desired value 
the notch filter will no longer be resonated at the carrier 
frequency. It has been suggested in a paper by Karl Schurr1 
that an auxiliary servo system could be used to automatically 
vary parameters of the notch filter in the servo system to 
compensate for any fluctuations of the carrier frequency.
The need for such an auxiliary system is made apparent 
by visualizing the consequences upon the servo system if a 
fluctuation in the carrier frequency occurs. If such a 
fluctuation took place the notch filter would transmit a
1. All references are in the bibliography.
9signal which would be amplified and cause the driving device 
of the system, usually a two phase motor, to change the 
position of the load* The error in position of the load that 
results may not be tolerated in many military installations, 
therefore, forcing the military to use D.C. servo systems*
The fact that stable frequency power supplies are not 
available for aircraft installations justifies the need for 
a research project to investigate the possibilities of finding 
a solution to this problem* Many articles 9 9 ’have been 
written on improved techniques to design notch filters, but 
very little has been written on the problem discussed above* 
The requirements of the auxiliary system to shift 
parameters of the notch filter in the main servo system 
depend upon two things; the carrier frequency power supply 
used, and the requirements of the main servo systemo Consider 
first the carrier frequency power supply, which in an 
aircraft is usually an inverter. The inverter consists of 
a D.C* motor that drives an A.C. generator. If any 
fluctuations in the D.C. voltage occurs the speed of the 
D.C. motor changes causing a change in carrier frequency.
The characteristics of the inverter as well as the 
regulation of the D.C. power supply to be used must be known. 
The auxiliary servo system must be able to compensate for 
any anticipated change of frequency due to the failure of 
the inverter to maintain a constant frequency output.
Such specifications as rise time, peak overshoot and 
settling time are determined primarily by the main servo
10
system* The auxiliary servo system must respond more rapidly 
than the main servo system. The main servo will respond to 
an error fluctuation if the auxiliary system has a longer 
rise time*
In this paper a system is designed and analyzed and 
the results are compared to experimental results* The object 
of this paper is not to design an auxiliary system to meet 
a particular set of specifications, but rather to illustrate 
the practicality of such a system. Another purpose is to 
point out what parameters of the auxiliary system may be 
varied to meet a specific set of specifications.
11
II. DESIGN OF THE AUXILIARY SERVO SYSTEM 
A. Introduction
To understand some of the problems encountered in 
designing the servo system, the theory of the operation of 
the system must be understood* Referring to the block diagram 
of the system in Figure 1, the notch filter in the auxiliary 
servo system is tuned at the carrier frequency* For this 
condition the voltage transmitted through the notch network 
is small and is in phase with the voltage applied to the 
filter* This voltage that is transmitted, is amplified and 
appears on the control winding of a two phase servo motor as 
E0* This voltage is in phase with the voltage Ef on the 
reference winding of the two phase motor* Since Ec and Ef 
are in phase no torque is produced by the motor and thus the 
output shaft is stationary. The torque produced by a two 
phase induction motor is directly proportional to Sin 0^ where 
0 is the phase angle difference of the voltages Ec and Ef*
Now if the carrier frequency changes by a factor Af, 
there is a phase shift through the notch filter and hence a 
phase shift of the voltage Ec. This change in phase angle 
causes the motor to produce a torque* This torque changes 
a parameter or parameters in the notch filters of the main 
servo system. The motor continues to change these parameters 
until the notch filters are tuned to the new carrier frequency. 






BLOCK DIAGRAM OF AUXILIARY SERVO SYSTEM
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B* Notch Filter Design
The first component to be considered is the notch 
filter* There are many notch filters that are used in servo 
systems, any of which could be used in the auxiliary system.
One prime consideration is that the filter must be at least 
as sensitive, if not more sensitive to a change in carrier 
frequency than the networks in the main servo* The filter 
used in the auxiliary servo system must be very sensitive to 
changes in carrier frequency in order for the angle 0 to be 
large for small fluctuations in the carrier frequency*
An additional problem arises if the network employed 
in the auxiliary servo system is not identical to the network 
in the main servo system* That is, for a particular fluctuation 
in the carrier frequency the motor rotates a certain number 
of radians, oi, and tunes the network in the auxiliary servo 
system to the new carrier frequency* This rotation ©i may 
not be the required rotation to tune the network in the main 
servo system. If the networks that are used are not identical, 
gear trains must be employed to match the required rotation 
to the motor rotation*
There are many notch filters used in A.C* servo systems, 
but the twin-T network** has the most ideal characteristic for 
this particular application* The characteristic is a very 
large phase angle gradient near the notch frequency. A 
typical characteristic curve for an ideal twin-T network is 
shown in Figure 2. The requirements to achieve these 
conditions are that the load impedance of the twin-T network
14
FIGURE 2
A PLITUDE AND PHASE ANGLE CHARACTERISTICS OF A TVIN-T NETWORK
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be infinite and the source impedance be zero. Also non- 
inductive resistors are used and the resistance of the 
capacitors is zero# In a practical system these conditions 
cannot be met, but by careful design of the filter these 
conditions may be approximated#
To determine the parameters of the twin-T network 
the following design equations are applied:
%  = Bdc/2........................................... (1)
H2 = Rl/2 ........................................... (2)
Cl = (RC)/R!..........................................(3)
C2 = 2Ci..............................................W
The circuit schematic of the twin-T network is shovm in 
Figure 3a# With the parameters defined by Equations (1) 
through (*0 this twin-T network is a balanced network# A 
balanced network is one in which 
R2/C2 = R l A C x
The balanced twin-T network is used because of its superior 
phase angle characteristics, that is a large phase angle 
gradient near the notch frequency#
The quantity (RC) in Equation (3) is a factor that 
depends upon the tuned frequency of the filter# A plot of 
(RC) versus the notch frequency is given in Figure ^#
To determine R&c , which is the D#C# impedance level 
of the filter, the following inequality must be satisfied,
RS <  Hdc < RL ...............................##o#...(5)
where Rg is the resistance of the carrier frequency power 
supply and R^ is the load resistance of the filter# The
16
4 -it-
V \ A A — \
R,
R,





SCHEMATIC DIAGRAM OF TV/IN--T NETWORK
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FIGURE 4
RO VERSUS THE NOTCH FREQUENCY 
FOR A T W I N --T NETWORK
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source impedance will normally be quite small, in fact if 
an inverter is used, Rs will only be a few ohms. For the 
particular inverter employed for this servo system R s is 
equal to 60 ohms. The load resistance is the imput 
resistance to the first stage of the amplifier. Assuming 
that the amplifier is designed with a very high input 
impedance (usually 250,000 ohms to 1,000,000 ohms) the 
condition imposed by Equation (5) is met quite easily.
The value of R^c was chosen to be 26,600 ohms, which 
satisfies Equation (5). Then for a carrier frequency of 
400 cps the quantity (RC) was determined from Figure 4 to be 
(RC) = .0004
Knowing these values the parameters of the twin-T network 
are evaluated as follows:
Rx = 26600/2 = 13300 ohms 
R2 = 13300/2 = 6650 ohms 
C1 = .0004/13300 = 0.03 uf
C2 = 2(.03) = .06 uf
To determine the best method of resonating the twin-T 
network, a variation in resistance was used. A potentiometer 
was used to accomplish this variation. To determine what 
resistance or resistances should be varied, curves were 
obtained of the leg resistance R2 versus the notch frequency, 
and the bridge resistance R^ versus the notch frequency.
These curves are shown in Figure 5*
R2 was chosen as the parameter to be varied for if 
Rl were to be varied a ganged potentiometer would be needed.
19
TABLE I






360 1560 0 10000
380 14 5 0 0 8000
400 13300 6500
420 12100 5300




* R 2 was held constant at £650 ohms, while was varied.
** Rl was held constant at 13»300 ohms, while R2 was varied♦
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FIGUBE 5
B, AND B , VERSUS NOTCH FBEQUENCI 
1 FOB^A W IN— T NETWOBK
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From Figure 5 it is apparent that adequate control is 
accomplished by varying R2 « A 2750 ohm potentiometer was 
used, which allows a frequency fluctuation of approximately 
+ 20 cps. To obtain the desired resistance in the circuit 
a 5^00 ohm fixed resistor is placed in series with the 
potentiometer. The resulting netowrk used is shown in 
Figure 3b,
C, Two Phase Induction Motor
The power requirements of the system primarily 
determined the type of motor, A motor and gear train with 
the following characteristics was chosen:
TABLE II
CHARACTERISTICS OF A.C, MOTOR
Diehl Number,........................... ,FPE 25-26
Voltage Rating......,115/115 volts
Frequency,..........«•••«,•«,,••«••••,«,400 cps.
Power Output,,,,,o,«••«•••,••••••••..... 7 watts
Poles....... «••••«•••.........poles
No Load Speed,,••••••••,•••••••••••••,11*100 rpm.
Stall Torque,,,,,,•,•«•••«••••••••••.2,** oz-in.
Inertia of R o t o r •••••••••,,0.098 oz-in,2
Gear R a t i o 2^.87 
D. Amplifier
The servo amplifier most commonly utilized is the
RC coupled amplifier, which drives a push-pull amplifier.
The procedure of designing these amplifiers is found in
5 6many servomechanisms textbooks.9 Since this problem is a
22
fundamental one, and is not considered as a part of this 
thesis, the design procedure is not included.
The resulting circuits used are shown in Figures 
6 and 7• The amplifier in Figure 6 is a voltage amplifier 
with a phase shifting network between stages to be used to 
obtain a zero phase shift through the amplifier.
The major consideration in designing the amplifier 
are that it must have a zero phase shift and a high gain.
INPUT
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C n = 0.005 MFD? paper, 400 VDC 
ci C, = 30 MFD. paper, 150 VDC 
Ci C? = 0.25 MFD. paper, 400 VDC 
eg = 0.1 MFD. paper, 400 VDC 
Ti = Interstage transformer, pri. to 
T^ = Driver transformer, prl. to sec
R, = 100000 ohms 
Rp H r = 850 ohms 
R^ = ^ 7 ;500 ohms, 
R', = 0.1 me go nms 










VOLTAGE AMPLIFIER WITH A PHASE SHIFTING NETWORK
OUTPUT
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C-, Cp = 0.05 MFD. paper, 400 volts 
Cj^  =00.5 MFD. paper, 400 volts
R-, Rp = 200000 ohms, 1 watt 
R~ = 250 ohms, 10 watts 
R^ R^ = 15000 ohms, 2 watts
= Output transformer for matching control field of 2-phase 








III. THE SYSTEM DIFFERENTIAL EQUATION 
In this chapter, the differential equation for the 
system is derived and the constants of this equation are 
evaluated* The system differential equation describes the 
behaviour of the output of the system, which is the shaft 
rotation, 0, for a change in the input frequency Af.
A. Derivation of the Differential Equation
The transfer function,KG, for a two phase induction 
motor and amplifier is given by Equation (6)2 The terms 0,
Er, and 0 of this equation are defined in Figure 1*
KG = 9/Er = KAKHSin 0/$ (S Tn + 1)].(6)
The terms and Tm are constants which are dependent upon 
the motor and load. The constant is the gain of the 
amplifier. In order to reduce Equation (6) into a usable 
form, the variation of terms 0 and Er must be expressed in 
terms of 0 and Af. Doing this reduces Equation (6) to a 
differential equation, where 0 is the dependent variable 
and Af is a driving function.
To determine 0 as a function of 0 and A f , written as
0 = f (9,Af)........................ ........ (7)
the following analysis is employed.
The angle 0 is the angle of the voltage transmitted 
through the twin-T network, with the voltage on the reference 
winding taken as the phase reference. The angle 0 at the 
desired carrier frequency will be zero. If the carrier 
frequency should change by a factor Af, then 0(f) = Afbc, 
providing that 0(f) and Af are directly proportional. In
2 6
Figure 8 a curve of phase shift through the twin-T network 
versus the carrier frequency is shown. From this curve it is 
seen that 0 and Af are directly proportional over a small 
frequency range.
Since the output shaft of the motor is mechanically 
coupled to the potentiometer as shown in Figure 1, changing 
the setting of the potentiometer changes the phase angle 
transmitted through the twin-T network. It follows that the 
phase angle is proportional to the shaft position. A change 
in 9 shifts the curve given in Figure 8 to a new location.
This is true, because changing the value of the leg resistance 
tunes the network to a new frequency, as shown in Figure 5*
The effect of a shaft rotation upon the phase angle 
transmitted through the twin-T network is
0(e) —fi> e.......................................................(8)
This assumes the curve in Figure 8 will not change shape 
when the filter is tuned to a different frequency.
If the servo system is connected such that the phase 
shift produced by a rotation of the motor shaft opposes the 
phase shift produced by A f , then the phase shift through the 
twin-T network is
0 =ocAf -/fie................ ...................(9)
This angle 0 as well asoc and/S are shown in the block diagram 
in Figure 9*
The magnitude of Er also is a function of Af and 9.
But since only small fluctuations in carrier frequency occur, 
Er does not change appreciably. Since a high gain amplifier
27
TABLE III
















Frequency of applied voltage cps. 
FIGURE 3





REDUCED BLOCK DIAGRAM OF AUXILIARY SYSTEM
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is used which saturates as E r becomes large, the voltage on 
the control winding of the two phase motor is constant* In 
the derivation of the equation, it is assumed that the
magnitude Eq is constant and equal to
Ec - Er Ka ...0....................................... (10)
Equation (6) becomes
0/EV —  'Sin facA-P ~0 ^ / ^ C S T ^ - M j . # „.....*..(11)
Cross multiplying and recognizing that S = d/dt
1h d te*+ < /0/</f= E yKA K»Sw  ( o c ....................(12)
Substituting Ec = Er KA and dividing by Tm
dfo/di?+^9/$ — HcH"m >Sin (ocAf-,£9) = O ... (13)
This is the system differential equation*
B. Evaluation of Constants of the Differential Equation 
1* Constants «< and ft
To determine oc , a curve of phase shift through the 
twin-T network versus the frequency of the applied voltage 
was obtained* From Figure 8, oc is
oc = ( A $ / Af)(Tf/180) radians/cps ............(l^)
oc = U10- (-85 ')/405-397]T r/l80- .4885
To determine /3, a curve of the angular position of 
the potentiometer versus the notch frequency of the twin-T 
network was obtained* This curve is shown in Figure 10*
From this figure it is seen that the slope is constant and 
equal to
4-05-3 90/3Z0-... ...(15)
—  0.0147 cpsfdecree
This constant indicates that if the potentiometer is rotated
31
TABLE IV
















A N G U L A R  OUTPUT VERSUS THE NOTCH F R E Q U E N C Y
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through 01 degrees, the notch frequency is changed to a new 
value equal to fc + K ©lf where fG is the original tuned 
frequency of the network. Thus K is the difference 
between the applied frequency and the frequency at which 
the network is tuned. To determine^, the phase shift 
through the network for a deviation in frequency from the notch 
frequency must be known. This phase shift is«cas determined 
previously. /6 is evaluated as
A -  [A f/A e]°c[ISO /rr] radian/radian................. . . . ( 16)
/S = [0.0 !47l[A88Sl [l80/rr] =  0.412
2. Motor constants
The constants that must be evaluated, which are related 
to the motor and load are Km and Tra. The equations used to
evaluate these constants are
Km = NM/(fL + N2C)............... ................. (17)
Tm “ Ji + N2 Jm/(fL + N2c)............... ........ (18)
where N = gear train ratio
C = torque-speed constant
M = torque-voltage constant 
= inertia of the motor 
Jl = inertia of the load 
fjj = friction of the load 
The gear ratio N may be found to be
N = N3/H2%  = 143 x 72/18 x 23 = 24.87........ (19)
Where N2, N3, and Ity. are shown in Figure 11.
3 ^
a* Torque constants
The torque characteristic equation for a two phase
induction motor is
T = -\dT/d(jj\ <*-> +  Vc ( 2 0 )
where
c = I STI
M = dT/d Vc
o (21)
( 22 )
These constants may be obtained from Equations (21) and (22) 
providing the constant G is evaluated in the neighborhood of 
the operating speed tu, and the constant M is evaluated in the 
neighborhood of the operating control voltage V c . a  more 
convenient method is used to evaluate the constants, the 
disadvantage being that accurracy is sacrificied for
pconvenience* The equations used to evaluate C and M  are^ 
r _ Stall Torque
2 "Sated* Speed.  ..................*(2 3 )
Stall Torque_________
Rated Control Voltage. ••••••••**••••• *....... (2*0
From the manufacturer’s data of Table II C and M are 
C = 2*4/2 (11*K>0) 2 /60 = .001005 oz-in-sec 
M = 2.4/115 = .02087 oz-in/volt 
The inertia of the motor is calculated from the 
manufacturer’s data*
= .098/(32.2)12 = 0 .2 5 3  10"3 oz-ln-sec 
Since the potentiometer used is a very low inertia 




To determine the system friction the experimental 
apparatus was connected as shown in Figure 11* A light 
weight wheel made of wood was attached to the output shaft of 
the motor, and a weight of 13 0 grams was suspended on a fine 
string wound on this ifheel* With no other external forces 
present, the weight was dropped. The system came to a 
steady state condition when the torque produced by the 
dropping weight was just equal to the restraining torque due 
to the system friction* Under the steady state condition 
the speed of the shaft was constant. To measure this speed 
a D.Co voltage was applied to the potentiometer which was 
mechanically coupled to the gear train. The output of the 
potentiometer, which was an electrical signal, was taken 
from the wiper arm of the potentiometer. This voltage was 
recorded, using a Brush Recorder. A recording of this 
voltage is given in Figure 12. This voltage was an indication 
of the speed of the output shaft. The recording tape was 
moved at a constant rate. The voltage that was recorded 
appeared as a straight line with the slope being the steady 
state speed of the shaft. Since the steady state speed was 
known then the coefficient of friction f^ was calculated 
from Equation (25)
?ju) = F r ........................................ ........ (25)
where oj9 was the steady state speed, F was the applied force 









EXPERIMENTAL APPARATUS USED TO DETERMINE fL
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FIGURE 12
BRUSH RECORDING OF SP E E D  TO F I N D  fL
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To obtain u;the voltage applied to the potentiometer 
was adjusted until the full 10 revolutions possible with 
the potentiometer caused a full scale deflection of the 
chart paper. Using information from Figure 12 was calculated
OO —  =  ^ 6*  6 ^  ~  9 .5 2  radians/sec.
The other constants F and r are 
F = 130 grams = A. 59 oz* 
r = 1.5/2 = 0.75 in.
The friction was calculated as
- ^.59 x 0.75 _
k 9 .5 2  0 .3 6 2  in-oz-sec
With these constants evaluated T^ and IC^  are
12 (0 .0 0 10 0 5) ~ °*5277K"  -
T m 0 . 3 ^ 2 + 0.001005)
G. The System Equation
All constants in the system differential equation 
have been evaluated except E0 . The reason being that 
complete control of Sc may be achieved by adjusting the 
gain of the amplifier. The optimum value of Ec is obtained 
at a later time. The resulting differential equation is
6.35- 3.35EcSin (4885A f  -.4126) 26)
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IV. ANALYTICAL ANALYSIS OF THE SYSTEM
The transient response of the system is analyzed 
using a step change of frequency. This type of response is 
commonly obtained since it gives such information as the 
rise time, peak overshoot, and settling time. Two transient 
conditions are investigated: one being a linear approximation 
for small error signals, and the second being the non-linear 
condition for large error signals.
A. Linear Analysis
The system equation, as given in Equation (26), is 
reduced to a linear equation if the following condition is 
satisfied
.4885 Af - .412 0 <  .0866..........................(2?)
For this condition to be satisfied the carrier frequency of 
the system must not change more than ± .177 cps. This is a 
very small error signal and restricts the use of the 
approximate linear equation. If Equation (27) is satisfied 
then the system equation becomes
A 1.38^0 = i.64EcA-f............ (28)
This is a linear second order differential equation. Since 
Ec appears in the equation and its value is controllable, 
it is desirable to determine the response of the system for 
different values of Ec . With these results it would be 
possible to determine the optimum value of the control 
voltage. The optimum value of the control voltage depends 
upon the specifications of the main servo system.
40
Since determining the solution of this equation for 
many values of Ec is quite laborious, the analog computer 
was used to obtain the necessary information• The program 
and general method employed to obtain the results using the 
analog computer are shown in Appendix A.
The results of this investigation are shown in Figure 
13* From this figure it is seen how the response to a step 
input varies with the control voltage. To secure a more 
accurate description of this variation a set of curves is 
shown in Figure 1^. This figure is a plot of the rise time 
and peak overshoot versus the control voltage. For a 
specified rise time and peak overshoot an optimum value of 
Eq is determined. These curves only apply for small error 
signals.
B. Non-Linear Analysis
To analyze the system for large error signals the 
exact differential equation must be solved. To determine 
the optimum value of control voltage it is desirable to 
obtain the response of the system to a step input for 
different values of control voltage. Since the equation 
is non-linear the response may vary with the magnitude of 
Af and the control voltage. To obtain this information a 
set of response curves for the system using different values 
of Af and Ec was obtained. Each set of curves as shown in 
Figures 15, 16, and 17 are for a particular step input and 
different values of control voltage. Figure 18 is a plot 
of rise time versus control voltage for different values of A f •
Comparing the response of the system for different 
values of input, Af, it is seen that the rise time increases 
as the input is increased. The system will respond much 
quicker to smaller deviations in the carrier frequency*
C. Comparison of Results
Comparing the linear approximate response with the 
non-linear response, it is seen that the curves have the 
same general shape. One major difference between the results 
is evident* The rise time for the system varies with the 
input as shown in the non-linear analysis* The fact that 
the rise time does vary with the input is verified by the 
fact that the argument of the Sine term varies with the 
input* The relationship between the Sin 0 and 0 is non­
linear, thereby causing the characteristic equation of the 
system to vary with the magnitude of the input.
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T A B L E  V
TRANSIENT CHARACTERISTICS OF SYSTEM F O R  S M ALL E RROR SIGNALS
VolSs Rise Time Seconds Peak Overshoot
10 1.40* 0.000
20 0.90 1.025





80 .22 1 . 2 5 2
90 .20 1.280
100 • 19 1.318
110 .18 1.333
120 .16 1.333
* This is the time for 
state value.
the output to reach 90$ of the steady
Percent of steady state output
FIGUBE 13
TRANSIENT RESPONSE OF SYSTEM TO A STEP INPUT OF 0.17? cps.
1.8
1 . 6
0 ----- ----- ----- ----- ----- ----- ----- ----- ----- ----- ----- -----0 20 40 60 80 100 120
Control voltage volts
FIGUBE 14
VARIATION OF RISE TIME AND PEAK OVERSHOOT WITH CONTROL VOLTAGE
**5
T A B L E  VI








Ec = 90 v . ___
Angular Output 
Radians 
Erv = 120 v_




• 2 1.02 1.3** . 1 5 2
.3 1 .6 0 1.65 .156
1.5** l.**3 .113
.5 1.38 1.11 .960
.6 1.18 1.01 1.11
.7 1.09 .98** 1.28
. 8 1.15 1.11 1.2 6
• 9 1.20 1.2**





















0 0 0 0
.1 .808 1.20 1.58
.2 2.51 3*^8 4.22
♦ 3 3.97 4.74 4.93
4.51 4.46 3.90
.5 4.49 3.58 2.99
.6 4.02 3.09 3 . H
.7 3.^9 3.22 3.65
.8 3.25 3.56 3.84
• 9 3-30 3.74 3.64
1.0 3-^7 3.68 3.45
1.1 3.61 3.55 3.46
1.2 3*66 3.48 3.57
1.3 3 .6 2 3.51 3.61
1.4 3.57 3.56 3.58
1.5 3.53 3.59 3.5^
1.6 3.58 3.57 3.5^
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TABLE VIII












0 0 0 0
.1 .555 CM
vnCO• 1.16
.2 1.20 3.24 4.41
.3 3.74 6.20 7.43
.4 5.75 7.55 7.54
.5 6.92 7.00 5.99
.6 6.98 5.85 5.10
.7 6.43 5-31 5.50
.8 5*86 5.53 6.16
.9 5.59 5.98 6.27
1.0 5.64 6.17 5.9 6
1.1 5.83 6.08 5.76
1.2 6.00 5.91 5.83
1.3 6.09 5.83 5.97
1.4 6.16 5.87 6.00
1.5 6 .0 6 5.94 5.94



























TRANSIENT RESPONSE OF SYSTEM TO A STEP INPUT OF 5 CPS
FIGURE 18
VARIATION OF RISE TIME WITH MAGNITUDE OF STEP INPUT
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V. EXPERIMENTAL VERIFICATION OF RESULTS
In this chapter experimental results are discussed and 
compared with the analytical results. Also errors pertaining 
to the analytical solution are discussed.
A. Small Error Signals
The mathematical limit on the linear approximation 
was that A f  could not exceed .177 cps. The threshold value, 
which is the minimum value of the input to which the system 
will respond, was found to be between 0.2 cps and 0.5 cps. 
This threshold value is larger than the mathematical limit 
on the linear approximation. For this reason no comparison 
of the analytical results and experimental results could be 
made.
B. Large Error Signals
With the experimental equipment available it was not 
practical to achieve a step displacement of the carrier 
frequency. The fact that the carrier frequency source was 
a rotating device indicates that no step displacement could 
be achieved.
To experimentally verify the analytical results a 
disc calibrated in degrees was attached to the output shaft. 
Then to simulate a step input, the output shaft was rotated 
through a particular number of angular degrees. This value 
corresponded to a step input value chosen in the analytical 
analysis. The values of angular displacement were chosen 
by using Equation (29)*
0 = (.^885/.^12) A f (29)
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This equation relates the steady state value of 0 for 
any particular value of A f , where Af is restricted to a step 
input function.
The output shaft was then released, and the peak over­
shoot was measured by simply observing the number of 
degrees the output shaft rotated before the first reversal. 
The results indicated that the analytical results described 
the system quite well. Since complete variation of the 
control voltage could not be achieved the analytical results 
were checked for a control voltage of 60 volts. The results 
were as follows:
TABLE IX
COMPARISON OF EXPERIMENTAL AND ANALYTICAL RESULTS
Step Input Experimental Calculated




A comparison of these values in Table IX indicate
that the system has a greater peak overshoot than the
calculated values. This means that the friction of the 
system was smaller than anticipated. Also a factor that 
determines the peak overshoot is the motor torque speed 
constant. An error in either of these terms would account 
for the difference in the peak overshoot.
C. Quantities Not Considered in the System Equation
5^
1* Variation of control voltage
In the system differential equation the control voltage 
was assumed to be constant* This in reality is not true since 
the magnitude of the control voltage is a function of the 
carrier frequency. Actually as the carrier frequency changes 
a larger voltage is transmitted through the twin-T network. 
Compensating for this was the amplifier that saturated as 
Er increased, which held the variation of control voltage 
to a minimum. Also the twin-T amplitude characteristics 
flattened at the tuned frequency and this held the control 
voltage constant. The control voltage varied only * ^ 
volts for a change of =t 5 cps, about a control voltage of 
60 volts.
2. Threshold frequency
Most electromechanical servos have a threshold. The 
threshold value of the system depends upon the static friction, 
back lash of gears, and dead space of the motor. The results 
of the analytical work could have been more accurate had the 
threshold value been considered. The threshold value was 
considered small enough to be neglected in the analysis. As 
mentioned previously, in Chapter V, the linear analysis could 
not be checked. The reason being that the threshold value 
was actually larger than the step input assumed in the linear 
analysis. This threshold value was estimated in the 
experimental analysis to be .3 cps at 60 volts.
3* Variation of twin-T characteristics with a change in 
carrier frequency
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Changing the value of the leg resistance did not change 
the shape of the amplitude and phase angle characteristics 
about the new notch frequency* A set of data for the 
characteristics of the twin-T network was obtained for various 
values of R2 * A set of characteristic curves for different 
values of Rg was then plotted with the abscissa being a 
percentage scale of the notch frequency* The resulting curves 
were identical.
The characteristics of the twin-T network used in the 
system is included and is given in Figure 19* It is noted 











10 .965 - 1 0
20 .955 -17
kO .905 -3 0
70 .7 8 2 -43
100 • 668 -5^
200 .3 1 8 -76
350 .059 -8 0
400 .005
450 .0 6 1 104
700 .2 8 3 96
1000 .4 7 0 92
2000 .7 6 0 80
4000 • 900 62
7000 .973 ^7










10 20- 40 100 . 200 400 1000 2000 4000 10000
Frequency cps.
FIGUHE 19
CHABACTEBISTICS OF TWIN-T NETWOBK USED
Phase angle degrees
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VI. SUMMARY AND CONCLUSIONS
A. Summary
The object of the thesis was to determine the 
feasibility of using an auxiliary servo system to compensate 
for any deviation in the carrier frequency. To do this a 
system was designed and by using some experimental data, a 
system differential equation was obtained. Under certain 
conditions the equation could be reduced to an approximate 
linear equation. This linear equation was then solved 
assuming a step input to the system. Unfortunately the 
results could not be checked since Af must be less than the 
threshold value to satisfy the approximation. The results 
were useful in respect that they were used to check the 
program of the digital computer when the non-linear differential 
equation was solved. The next step in this study was to 
solve the non-linear differential equation and verify the 
results experimentally. In conclusion the two main divisions 
of this thesis were the derivation of a differential equation 
to describe the system and the analysis of the resulting 
equation.
B. Conclusions
The results of this Study show that the auxiliary 
system is a possible solution.to the problem encountered 
with airborne A.C. servo systems. The rise time of the 
system was found to be approximately 0.2 seconds depending 
upon the magnitude of the error signal and control voltage.
It is concluded that with a more sophisticated system, which
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could be achieved by optimizing the design, the quality of 
the system could be improved*
Many approximations were made in obtaining the 
differential equation. It would have been constructive to 
include in the differential equation the threshold 
characteristics of the system and the variation of the 
control voltage. Even though these quantities were not 
considered, the mathematical model represented the actual 
system quite well.
This is but one method of achieving the carrier 
frequency compensation. Another method which would also 
serve the same purpose would be to use a vacuum tube as the 
leg resistance of the twin-T network. The voltage transmitted 
through the twin-T network could be fed into a detector.
The output of the detector could then be used as the grid 
bias to the tube. The A.C. plate resistance is a function 
of grid biasing. With proper design the network could be 




To solve the approximate linear equation, the analog 
computer was used. To program the computer the initial 
conditions and the value of the driving function must be 
known. It was assumed that the following conditions be 
imposed upon Equation (28):
A f  =  .17?
0(0) = 0
e*(o) = 0
Then Equation (28) was solved for the highest order derivitive
d'e/dt1- = - 6 ,35de/dt - 1.38© .(30)
From Equation (30) the program used is shown in block diagram 
form in Figure 20. To cover the full range of control 
voltage, poteniometer number 3 was varied and the gain 
through amplifier number 3 was controlled. Table XI shows 
the various settings used to obtain the results. The output 
of the computer was recorded utilizing the Brush Recorder.























To solve the non-linear differential equation as 
given by Equation (31), the Ruuge-Kutta method was employed,
J *6/jtz= 3 3 5 E C-Sin (4885 - .4ll6)-G.35d 6/Jt..( 3 D
The Runge-Kutta method of solving a second order 
differential equation is to evaluate the constants K j , K2 ,
K 3 , and Kij,. These values depend upon only the conditions 
of the previous point. These four constants are then used 
to determine % +  1 . The accuracy of trie resulting solution 
depends upon the increment between calculated points. For 
the particular Eunge-Kutta method chosen the truncation 
error is of the order of h^, where h is the increment between 
points. For this solution h was chosen to be .05* The 
truncation error of each point is of the order 3 * 1 2 5  x 10*“7 
units. From the floi* diagram given in Figure 21, it is seen 
that 3^ points were calculated, which corresponds to a time 
duration of 1 . 7  seconds.
To determine how the response varied with control 
voltage and change in carrier frequency, nine solutions 
were obtained. The nine solutions were obtained by using 
all combinations of the following values:
Af = 1, 3 9 and 5 cps
E c = 60, 90, and 120 volts
These solutions then gave a good indication of the type of 
response that could be expected under normal operating 
conditions. The outer two loops of the computer flow
DIGITAL COMPUTER PROGRAM
6b
diagram was used to obtain these various conditions.
As a matter of academic interest the actual program 
is included and is given in Figure 22. This program is 
coded to be used on LPG-30 digital computer, manufactured by 
the Royal McBee Company^. The subroutine used is the floating 
point interpetive system number 2^.2^.
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FIGURE 21
DIGITAL COMPUTER FLOW DIAGRAM
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; 0005000 ' /0 0 0 0 0 0 0 , xr6300'xu04-00, x i0 0 0 0 'b 6 0 0 6 , m6008' 
h6010 • b6012 * m60l4-' h 6 0 l6  • a 6 0 10 • xsOOOO • m6022 • m6024-' h6026 • 
b 6028•m6030' h6032•b 6026• s6 0 3 2 ' ro6004-'h6034-* m6036»a6030' 
m6028•h6038 * b6042 •m6030' a6008•m6006•a 6 0 1 6 •xsOOOO•m6022' 
m6024-' s6038 • ia600V h604-8 •m6036• a6030 • m6028 • h6050 • b604-2 ’ 
m6030•h 6052•b6o4-0'm6034-t a6052' a6 0 0 8 •m6006• a 6 0 l6 •xsOOOO• 
m6022'm6024-, s6 0 5 0 ’ m 6004-'h6056'a6030'ni6028, h 6058 , b6o4-2'm604-8' 
h6o60'b6oo4-'m 6030'a6008'a6o60, m 6006 'a60 l6 , x s0 0 0 0 , m6022* 
m6024-‘ s6058'm6004-' h 6062 , b603^, a60‘W a6056*m 6020 , a6030» 
m6004-, h 6 l0 0 ’ a6008'h6008'b604-8, a6056 , m6018, a 6 o 6 2 'a 6 0 3 ft’'ni6020'
h6l02,a6030,h6030,xra0000,xp6002,xd0000,xp6008,xd0000, 
X p 6 0 3 0 'x d 0 0 0 0 'x p 6 0 l4 - , x d 0 0 0 0 'x p 6 0 2 2 * b 6 0 0 2 'a 6 0 4 -6 'h 6 0 0 2 '  
S 6 0 5 4 - ' t5 0 0 3 'b 6 l l2 'h 6 0 0 8 'h 6 0 3 0 'b 6 0 0 0 'h 6 0 0 2 'b 6 0 2 2 'a 6 l0 4 - '  
h 6 0 2 2 ' s 6 l0 6 ' t 5 0 0 3 ' b 6 l l0 ' h 6 0 2 2 'b 6 l0 4 - ' a 6 0 l 8 , h 6 0 l4 - , s 6 l 0 8 ' t 5 0 0 3 '
xzOOOO'.0 0 0 5 0 0 0 '6 0 0 0 '1 0 0 0 0 0 0 0 '+ 0 7 - '1 0 0 0 0 0 0 0 '+ 0 7 “ '5 0 0 0 0 0 0 0 *  
+ 0 9 - • 4-1200000 • - 0 8 -  ’ 0 0 0 0 0 0 0 0  • +00+* g '  601 2  • 4-8850000 ’ + 0 8 - '  
1 0 0 0 0 0 0 0 '+ 0 ? - • g* 6 0 1 8 '2 0 0 0 0 0 0 0 '+ 0 7 “ '1 6 6 6 6 6 6 7 *  + 0 8 -»  60000000’ 
+ 0 6 - '3 3 5 0 0 0 0 0 • + 0 7 - • g ' 6 0 2 8 •6 3 5 0 0 0 0 0  * + 07“ ’ 0 0 0 0 0 0 0 0 '+ 0 0 + 'g*
6 0 3 6 •5 0 0 0 0 0 0 0 ’ + 08“ 'g '6 0 4 O  ’ 1 2 5 0 0 0 0 0 •+ 0 9 “ '2 5 0 0 0 0 0 0 •+ 0 9 “ ' 
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